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ON MOTION STABILITY RELATIVE TO A PART OF THE VARIABLES
UNDER PERSISTENT PERTURBATIONS

V.I. VOROTNIKOV

The problem of stability and asymptotic stability of motion relative to a part of
the variables under persistent perturbations is examined for the case when some of
the latter may not be sufficiently small. Stability theorems of such kind are
proved. A unified method based on a nonlinear change of variables and on differen-
tial inequalities is used to derive stability conditions for the motion of a solid
body with one fixed point under persistent perturbations,

It is well known that the problem of motion stability relative to a part of the variables
(y-stability) for linear systems isequivalent to the problem of Liapunov stability of motion
for a certain auxiliary linear system whose dimension can be less than that of the original
system. In the present paper a connection is established between the coefficients of the
auxiliary system's characteristic equation and the coefficients of the original linear system.
This permits a formulation of an algebraic criterion for the asymptotic y-stability of linear
stationary systems, of algebraic conditions for complete controllability with respect to a
part of the variables of a linear stationary controlled system, as well as of an analog of
Popov's criterion yielding conditions of absolute y-stability of the motion of nonlinear con-
trollable systems.

1. Let there be a linear stationary system of ordinary differential equations of perturb-
ed motion
.’L"=AI; x=(ylv"'yymv zh"'vzp):(y! 2), m>07 p>0' ":m“:—p

or, in the variables ¥, 2
y'=Ay+Bz. z'=Cy + Dz (1.1}
where 4, B, C, D are constant matrices of appropriate dimensions, Together with system (1.1;
we consider the "perturbed” system
vy =Ay + Bz + R, (¢, ¥y, 2), #=Cy+Dz+R.(t y 2) {1.2)

where the vector-valued functions R,, R, are persistent perturbations that are such that
system (1.2) has a solution corresponding to each collection of initial data Zo fo The com-
ponents comprising the vector ? and the vector-valued function R, we divide into two groups
and we represent z and R, as z=(z", z°), R, = (R,", R.").

Definition 1. The motion z = 0 of system (l.1) is called y(z7)-stable if for any
number ¢ >0 we can find positive numbers §;(e) (i = 1, 2), such that the inequality
0, [yt Lo o) << & O 2(8 £y zg) | << + 00 (1.3
is fulfilled on all motions of system (1.2) starting in domain
lgol <<8i(e), Bz 1 <<8:(e), ULz I <<+ 00 (1.4)

for any values R (¢, y, z) satisfying the conditions
IR, (£ u, ) | <8:(e), | RSy 2) [ <8,(e), (1.5)
OLKIR Ly, Dll<< + oo
in domain (1.3). If, in addition lim [y (& o, Zo) | = 0, t — oo, then the motion =z =0 of system
(1.1) is called asymptotically y(z7)-stable.

Notes. 1°. If the vector ;- in (l.4) and the vector-valued function R— in (1.5), re-
spectively, the conditions Jz~ <5 (e) and LR, (t, y, 2) | < 8, (¢), then we shall say that the
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motion z=0 of system (1.1) is y(0)-stable, When m=n the definition of y (0)y~stability
leads to the well-known definition of stability under persistent perturbations /1/, and when
R,=0,R,=0 to the definition of y-stability /2/.

20, The definition of y (z-)-stability makes sense only when m <n. Indeed, the presence
in the system of perturbing factors arbitrary in magnitude leads to system (1.2) having equil-
ibrium positions arbitrary in magnitude and, consequently, the problem of =z(z7) =-stability
makes no sense.

39, The definition of asymptotic y (z7) -stability and even of asymptotic y (0)-stability
makes sense only when m<n according to /1/.

Consider the matrices

K, = (BT, DT, BT, ..., DTP-1BT) (1.6)
E
L " ; 1
L= Ll L= ne..-hp (1.7)
0 In..-by

where E, is the unit m X m -matrix, of size (l;,..., lip)Ty i=1, ...,k are linearly independent
column-vectors of matrix K,, L, is an arbitrary (n — m — h) X n -matrix such that the matrix
L is nonsingular, kR =rank K,; T is the sign of transposition.

Theorem 1. Let the motion z =0 of system (l1.l) be asymptotically y~stable. If in
matrix K, the rows numbered ij,..., in are zero, then this motion is y(s7)~stable and the
variables 2z, and the functions R, numbered s =i, ..., iy, respectively, occur in the vector
z~ and in the vector-valued function R,

Proof. 1In system (1.1) we make the change of variables § = Lz, where matrix L is of
form (1.7). In the new variables the equations of system (l.l), according to /3,4/, fall into
two groups: ’

w = Aw, v = Aw - A, t= (w, V)
and the (m -- h)-dimensional vector w describing the state of the system
w = Aw (1.8)

completely determines the behavior of the variables y = (y,, ..., ym) ©f system (l.l). Together
with (1.8) let us consider the system
w'=Aw + L,R, R = (Ry, R,

According to /3/ the motion w= (0 of system (1.8) is asymptotically Liapunov stable;there-
fore /1/, it is stable with respect to all variables under the persistent small perturbations

L,R. But the function LR does not contain the perturbations R, s=ij,.. ., in; therefore,
the motion 2z = ( of system (l.1l) is y (z7)-stable, and the variables 3z, and the functions R,
numbered § = i1, « . . iN, respectively, occur in the vector z~ and in the vector-valued function
R,”. The theorem is proved.

Corollary. If the motion =z =00 of system (l.1) is asymptotically y-stable, then it
is y (0)-stable.
Example 1. Let the Egs.(1.1) of perturbed motion be

y' = —y+ 5 — 2 (1.9)
5" =4y + 0+ Ay, zy = By; 4+ 23 + 42

2 =2+ 5+ 23— 2

B=(1, 0, =2
1 2 0 1
D={2 4 Off, rankKs=1, K,;= 0
11 -1 -2

In this case the egquations

' = Ay, Ax==§( oi _1“
comprise system (1.8). The eigenvalues of matrix 4, have negative real parts and the second
row of matrix K, is zero; therefore, according to Theorem 1, the motion m=z=2%=12 =0 of
system (1.9) is y (s)-stable, and = 2, Rz = R,. Thus, the unperturbed motion of system
(1l.9) is yr—stable for any perturbing function R, acting on the third equation and for per-
turbing functions R, R, R, sufficiently small in magnitude, acting on the other three equa-
tions of this system.
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Example 2. Let us consider the equations of perturbed motion of a controllable system
in the critical case of two zero roots

m
y{.=2aikyk+hi/(c)7 i=1,...,m (1.10)
Kua]

5" = 1/ (0), 2z = v,f (0)
m

G = kE Sy + Bizy + Baza - o
=]

where ag, ki, @k, ¥y, 72 P1, Bsy Yo a@re constants, f(o) is a continuous function satisfying the con~-
dition of (6) >0, 050, We introduce the new variables /5/ Yy = Pizy + Byz, » Where vy <0 is a
constant number, System (1.10) reduces to

m
yi‘=k}3 aikyk'i'hil‘(c)t i=1,...,m (1.11)
=l

m
. 1
By = I'f (d), S = Z @l 4y, I'= T (ﬁl?l =+ ﬁi'Y2)
k=1

The well-known conditions for the global stability of the unperturbed motion of system (1,11)
/6/ will be, according to /5/, sufficient conditions for the global y-stability of the un-
perturbed motion of system (1,10) for any finite number Yoo because the quantity y,/y can be
made sufficiently small by making a suitable choice of the quantitiy ¥-

2, Let the vector-valued functions Ry and R, in system (1.2) be

R, =Ry + R*(t, ¥, z), R, = Ry +
Rz* t, v, z), R= (Rw R,), R* = (Ry*v R.*).

where R,, and R,, are constant vectors of appropriate dimensions. We assume that rank X, = h

and by [, (s =1,..., h) we denote linearly-independent column-vectors of matrix K, Without
loss of generality we shall take it that all column-vectors of matrix BT are linearly indepen-—
dent. We consider the system of algebraic equations for determining A (i, j=1,...,7)

r
DTlizzli]'lj, i=1,...,h
J=1
We assume that

m h
lJ'TRzo = k21 A'J'IrRuOk + l=§n+1 }'lezolv I= 1,...,h (2.1)

< . (2.2)
lRi'(t:yvz)|<k2law|yikly i=1,....n

where «;; are sufficiently small positive constants.

Theorem 2. If the motion z = (0 of system (1.1l) is asymptotically y-stable, then this
motion will be asymptotically y (0)-stable under any sufficiently small perturbations Rye, IT5R.
(j=1,...,h) satisfying conditions (2.1) and any perturbations R* (¢, y, z) satisfying
conditions (2.2). 1If, additionally, the rows numbered i, ..., iy in matrix K, are zero, then
this motion is asymptotically y(z”)-stable, and the variables 2, and the functions R, with
numbers s = i, ..., iy Occur in, respectively, the vector z~ and the vector-valued function R,”.

Proof. In view of condition (2.1), after the introduction of the new variables

w; =472 + Ryois i=1,...,m (2.3)
Pma+j =l3‘n+]'zr + l?n+ijOa ]= 17 sy h
the system
y.=Ay+Bz+Rym 2" =Cy + Dz + Ry (2.4)
reduces to
N =Am (2.5)
where 1 = (y, p) and u is a h-dimensional vector consisting of the variables (2.3). The

reduction of system (2.4) to form (2.5) is similar to the way in which in /3,4/ with R, =0
the system (l.l) was reduced to a system of p-form (1.8). The eigenvalues of matrix A, have
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negative real parts and, consequently, the motion n =0 of system (2.5) are asymptotically
Liapunov-stable.
According to /7/, when (2.2) is fulfilled the motion mn =0, z = ( of the nonlinear system
W =4m +LiR* (L, 2}, 2 = Cy + Dz + R* (1, 2)

is asymptotically n=-stable. Consequently, for any ¢ >0, 2, >0 we can find A (e, t)) >0 such
that from |n,[<< [[2o} <A follows [ n(# %o Mo 20} <& for all t2>¢, and, in addition,

lim || % (2 fo» Moy Z0) || = 0 @s t—»oc0. With respect to A and f, we can choose 8;(M, to) =8;(g, %) >
0(i =1.2) such that from §x, | <8, [Ry | <8y [ LTR,|<6, G=1...h follows
In(tite,zo) | <A Then for all t>1¢, we have |y(tit,z,)|<e and, in addition, lim || y (¢
toy Zo) | = 0 @s T —r 00, The theorem has been proved.

Example 3. Let the equations of perturbed motion (1.1) be of form
n = 4 +zg — 22y, o' = bdy o, =2y oy — 2 (2.6}

1 0
n=a,—2% 7=} ‘]

Since pTy = —, condition (2.,1) in the case given becomes
Rog — 2R = —Ry, (2.7
After the introduction of the new variable w =z — 2, + R, the system

wW=—n+au—2+ R, 5 =dbn+z5+ R,
=2y b 5+ Ry,
becomes no= =t =~y
Therefore, with the fulfillment of conditions (2.,2) the unperturbed motion of system (2.6) is
asymptotically 1y (0) ~stable in accord with Theorem 2,1,

3. we consider the motion of a heavy body with one fixed point, due to initial and to
persistent perturbations, The eguations of perturbed motion are

Az = (B = C) 2,z5 + mg (ZagVe — Taoys) + APy (4, 71y Zoy Z3) (3.1)
v = 25y, — T,ys (123, ABC)

where 4, B, C are the body's principle moments of inertia, =z;{(i=1,2, 3) are the projections

of the body's angular velocity onto the principal axes of inertia, v,(i =1, 2, 3) are the pro-

jections onto the principal axes of inertia of the unit vector directed along the fixed vertical
axis, (i =1, 2,3) are the coordinates of the body's center of inertia in the principle axes

of inertia, ®, (¢, x,, 2y, 23) (i = 1,2, 3) are the continuous persistent perturbations,®; (¢, 0,0, 0) =
0(i=1,2,3). We shall study the stability of the unperturbed motion of system (3.1) under
a number of assumptions on the form of the functions @, (i = 1, 2, 3),

19, @, (t, 2y, 4 Ts) = Ty, @y = const, Zy, (i = 1,2, 3), i.e., system (3.1} has the form

Az = ay3y + (B — C)agzs (123, ABC) (3.2

We introduce the new variable p,; = (B — (C)z,z/4. Under the condition C << A<CB or (>
A > B we have the following estimations for system (3.2):
a) ;" = a2 + W

P == (2 4 o) Py - 25 B;C [C;A zs® -+ A;B zg’]< (ots -+ os) py

in the domain
I<uKH <y i<t (i=23)
b) 2, = oty -+ iy M > (&g + @a)py in the demain

—'H<.'81<0, O<!le<+°° (i=2:3) (3'4)

From the estimations a) and b) it follows that the variable z,(f} in system (3.2) is described
by the eqguation

{(3.3)

=z g (0), (1) | < 2y (te) s (o) €XP (g + s t

therefore, under the condition a, <0, @, + a;<<0 the motion z; = T, =z, = ( of system (3.2}
is asymptotically globally =;-stable. If o; =0, a,+a, <0 or a,< 0, oy, + @3 = 0, then

¥

from estimations a) and b) follows the z,-stability of the motion X =z, =2y = 0.
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Theorem 3., Let one of the three conditions

(<4 <B, B<A<C, A=B=%C (3.5)

be fulfilled. If g, <0, @, + o; <0, then the motion Z; =, =z, =0 of system (3.2) is

globally asymptotically z-stable. If o, <0,ay -+ ;=0 or o, =0, ay + a;< 0, then this
motion is (nonasymptotically) &; -stable,

20, ©; (8, 24, Ty, Ts) = a, (Dx;, a; (B) is piecewise continuous functions ¢, 2, = 0 ({ = 1, 2, 3).
System (3.1) has the form

Az, = a, ()2, +(B — C) zzy (123, ABC) {3.6)

Under the condition C <A< B or (>4 > B, for system {3.6) we have the estimations

" =y (D by S et (2) + ey (8)]p; in domain (3.3)

xl o= oy ()T A Wy, B’ 22 e () + a5 ()] uy in domain (3.4)
Therefore, the variable z,(f) in system (3.6) is described by the equation

H
n'=T1@)z+ e @) |e@)j<2a(to)zs(to)exp S Ty(t)dv
e
Ty (@) = oy (1), Ta (1) = ap (7) -+ a4 (7)
and, conseguently, the ineguality

t

i t H
1< 00 foxp § Trasf +§exp ([ anf fra s €0 Ta(@) a0} 27

is fulfilled.
Theorem 4. Let one of the three conditions (3,5) be fulfilled., If

t

{rmdr<a, di=const (=1,2)
2

S_P;(T)d‘r——»—-—oo, t— o0

1o

then the motion z, = z, = 2, = 0 of system (3.6) is globally asymptotically z,-stable.

The proof follows from ineguality (3.7).

39, ®4(t, T, T3 *3) = fi(x,), where f,{(z,) is a continuous function in the domain |z | <
H; @ (t, z), 72, T3} = sy, @y =const (i =2,3); 2,,=0 (i =1,2,3). System (3.1) has the form

— . c—4
' =F1(z) + BAC Tos, Ty == Qg¥y + —p— Trss (3.8)

A—B
[+

Z3" = 0yTy -
Under condition C<A<B or (>>A>B we have the estimates
2" =f{z) + s W’ = (&g + &3) pain domain (3.3) (3.9)
2" =fe) oy = (2 @3) wpin domain (3.4)

k512 ]

for system (3.8). Let us consider the system
=G+ B = (et as) {3.10)
which is the comparison system for (3.9).

Theorem 5. Let one of the following two conditions be fulfilled:C <A <B orC> 4>
B. If (g +ay) f1 (BB >0, Fi (B)E + (@2 +0s) <O (85 0)

£
§ (s + o) L@ dBi—> o0, [Ba]—> o0

then the motion z, = 2, = 23 =0 of system (3.8) is globally asymptotically =z, -stable.

Proof. uUnder the fulfillment of the theorem's conditions the motion §, = § = 0of system
{3.10) is globally asymptotically Liapunov-stable /8/; therefore, according to /9,10/, the
motion z; =z, =z, = 0 of system (3.8) is globally asymptotically & ~gtable, The theorem
is proved.
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We consider the case a, + a3 = 0. Then the behavior of the variable z,(t) in system (3.8)

is determined, in view of estimations (3.9}, by the equation
= file) e, Lo (0 1<y (fo) 22 (20)

According to _the theorem on stability of motion under persistent perturbations /1/, the ques~
tion of the z,-stability of the motion Ty =Zy=z3=0 of system (3.8) reduces to the guestion
of the asymptotic Liapunov-stability of the motion E =( of the system E = f, (§).

40- (Dl (t, Ty, Toy xa) = jl (zl); (Di (l, Ty, gy .’L‘;,) = fi (xzv xa) (i = 21 3); Lo = 0; f! (i = 11 2’ 3)
are functions in domain |z; | <K H (i =1, 2, 3), continous in all variables. System (3.1} has

the form
Az, = fi (z)) + (B — C)zz, (123 ABC) (3.11)

Under the condition (C«wA<<B or (>»>A>>B we have the estimates

Z = fi (@) + iy, P < Tfs Zyfy in domain (3.3) (3.12)
2" = fi (%) + pay @1 > Zofs + Fafpin domain 3.4

for system (3.11). Assume that
3'9fa +23f2 =‘p(!‘l1) (3.13)

where 4 (u,) is a continuous function in domain |y, | < H.
Theorem 6. If the motion E = §, = 0 of system
) = h (%x) + &, gz‘ =% (ge)
is globally asymptotically Liapunov-stable, then the motion zy=z,= 23 =0 of system (3,11}
is globally asymptotically x; -stable.
The proof follows from (3.12), (3.13) and the results in /9,10/.
50, @; (L, 21, Ty, 5) = 7, o; = const (i = 1,2,3); Tig = Ty = 0, 230 %0, A =B =% C.

Theorem 7. If conditions a,«<0, @3<<0, a,+ a;<<0 are fulfilled, the motionz; = z, =
Zg =y = Yy =y, = 0 of system (3.1) is({(Z, s T, Yo ¥a) -stable.

Proof. Under the assumptions made the estimates

2" = ouxy + pa + 9 (2)
< (@ + @) P — @4 (1) in domain (3.3)

pi > (o + as) 1 — @ () in domain (3.4)

A—-C
(‘PS = "'1;1" mgxseVe, Qall)=~ o mgxamzs)

are valid for system (3.1). 1In view of the presence of the first integral 42 -+ v+ v.2=1
for system {(3.1), its unperturbed motion is (yi, 7Y ¥s) —stable. Since a,<<0, for any &>
0,2 >0 we can find &(e, %)) >0 such that from |z; ()< 68, | 7: (f) | <8 (i =1, 2, 3) follows
lg: (8) | << e (i =3,4) for all t>>t, Consequently, the motion §, — t, = 0 of system

gl‘ = algl + gg, gg. = (ag + at) E%
is stable under small constant perturbations ¢;{f) (i = 3, 4) and, according to /9,10/, the mo-
tion L= Ly =Ty =Y =Y, =V:s =0 of system (3.1) is (i, %s Vi Yo ¥s) —Stable, The theorem
is proved.

In conclusion let us show that the z,-stability of the unperturbed motion of system (3,1),
proved in paragraphs 1°- 59, is a more general concept than the z;~stability defined by
Rumiantsev in /2/. Indeed, in paragraphs 1°-5° it was shown that for any number &0 we
can find a positive number & (e} >0 such that from

Pz (f) 1 <8, | xp (L) 25 (L) 1 << (3.14)
Ty = (2, (L), T3 {tols Zs (%))

follows |z (8 tg, x,) | << & for all t > t,. The second inequality in (3.14) is possible when
Pza (te) | <81y Jas(t) < A

or when

Ta (t 1< 8, [z (8) 1 <8,

where §; is sufficiently small and A is some finite (not small} number. Consequently, the
initial perturbations in the determination of the z; ~stability of the unperturbed motion of
system (3.1) need not be sufficiently small, as was assumed in /2/.
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4. Let us formulate algebraic criteria for the asymptotic y-stability of the motion
z =10 of system (1.1). We assume that rank K, and we consider a matrix Q, (i = 1, ... 7)
of the following form: ’

a) the rows of the size h X p-matrix @, are the linearly-independent column-vectors of
matrix K,;

b} the columns of the size % X h-matrix (), are the linearly-independent column-vectors

of matrix @ (let these columns of matrix Q, have the numbers i, . ..,ip);
¢) the row numbered i,(s=1,..., k) of the size (n— m) X h ~matrix Q; in the row number-
ed s of matrix Q.!, while the remaining rows of matrix @, are zexo;
T ool e=l%
d = m ’ ==
) Qd 0 01 05 l 0 Qs

Q2" is the matrix inverse to matrix Q,; E,, is the unit size m X m-matrix.

Theorem 4.1. For the asymptotic y-stability of the motion « =0 of system (1.1) it
is necessary and sufficient that all the roots of the equation

| Qud* Qg — AE ] = 0 (4.1
have negative real parts.

Proof. According to /3/, the problem of the y-stability of motion for (l.l) is equival-
ent to the Liapunov-stability problem for a certain auxiliary stationary linear system [ = G{
(we call it a system of p-form) of dimension m - h. Here the elements g;; of matrix G are

the elements numbered i,j=1,...,m +h of the matrix LA™L™ in which L is of form (1.7).
We denote the elements of matrix L7 by {3} (i, §= 1, ..., n). Since the columns numbered
i1, . - »in of matrix @,, and thus also the columns numbered m+4is(s=1,...,h) of matrix L,,
are llnearly independent, matrix L can be represented in the form

£,

L= 0 &, L o =10 L

0 L 0 &
and the columns numbered i, ..., i, in matrix L, can be taken to be zero, while the remaining
elements of matrix L; can be chosen such that | L | % 0. We take into account that

Ly =[(— WL |L] G j=1...n)
where L;; is a minor of the determinant| L | of matrix L, obtained from [L | by the deletion of
the jth row and the ith column. In addition, permutations of the columns in a square matric
can change only the sign of its determinant, i.e.,
E, 0O E, 0 0

(L]=| 0 Qi|=| 0 @z Li|(—1)
0 L, 0 0 L

where k is the number of permutations made of the column-vectors in matrix L, and in matric-
es [, and L; there occur, respectively, only those columns of matrix Q; that are not contained
in Q. and in the nonzero matrices L;. We shall have

= {1, i=7j
U0, ik fi=1,...,m

=0 (i=1,...mj=m+1,...,m-+h)
i=m+igs=1 .. , ki=1...,m
(i=m-+igss=t,.. kji=1...,m+h)

lm+is, mik = [(— 1)5#“@2;;3]/' Qzl (k,s= 1, N h)

(Qm is the minor of determinant [Q,] resulting from the deletion of the k-th row and the
sth column in |Q,] . Therefore,
Qs =14 G=1,...,mji=1..,m+h

and, consequently
04*Q, = gyl G i=1...m+h

The theorem is proved.
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Note. Equation (4.1) is the characteristic equation of the system of p-form equations
introduced in /3/. Therefore, in Theorem (4.1), in contrast to the result in /3/, we have
established a direct algorithmic connnection between the form of the coefficients in system
(1.1) and the conditions for its y-stability.

Example 4. Let system (1.1) be of form (2.6). In this case m=1 and p=2, while
rank (BT, pTBT) = rank “_12 —éﬂ =1

We set up the matrices @;(i=1,... 5

Gi=11—2) Q=111 Q=131

1.0 0 10 -1 1
a=| | e=o 1. aure=| 7 ]
01 —2 00 0 1
Equation (4.1) becomes
1 Qu4*Q, —AE, | = (A + 1)2=0 (4.2)

The roots of Eq.(4.2) are negative; therefore, the motion y =3 =3z =0 of system (2.6) is
asymptotically #-stable.

5. Let us cbtain sufficient conditions for the complete controllability with respect to
a part of the variables (complete y-controllability /4,11/) for the linear controlled system

' =A*z 4+ B*u; = (Y1, - - -y Yms Z1s + - -2 Zp) = (5.1)
(yvz)v m>0yp>0,n=m—|-p

in which z is the system's of n-dimensional state vector; u = (uy, ..., 4,) is the r-dimension-
al control vector; A¥*, B* are constant matrices of appropriate dimensions.

Theorem 5.1. 1f
rank (QuB*, QuA*QyQ.B*, . . ., (QA*Q)™"QB*) =m 4 h (5.2)
then system (5.1) is completely y~controllable.

Proof. 1In system (5.1) we make the change of variables §{ = L,;z, z = (y, z). According
to Theorem (4.l1) the behavior of the variables occurring in vector {, is described by the equa-
tion

T = Q,4*Q,L + QB*u (5.3)
Under the fulfillment of (5.2) system (5.3) is completely controllable /11/ and, comsequently,
system (5.1) is completely y-controllable., The theorem is proved.
6. Let us obtain sufficient conditions for the absolute y-stability /5/ for the non-

linear controllable systems /6/

z = A*z + bf (o), = ex

z = (ylv v evs Yms B2y - - -7zp) = (y! Z), m >0

p>0n=m+p

oxr, in variables y, z

V' =Ay + Bz + b:f (6), 3" =Cy+Dz+ byf(c), O=ew+esz (6.1)
where f(g) is an arbitrary and continuous function satisfying the condition 0 < of (o) <<Ab? ,

A, B,C,D, by, by, e, ¢, are constant matrices and vectors of appropriate dimensions. We assume
that

rank (B*, DTB*, . .., DTP1B%) = rank K*=h

where B* =| BT, |, and by applying rules a)—e) from Sect.4, we construct matrices Q:* (i =
1,...,5). (Rules a)—e) from Sect.4 are fulfilled here with the sole difference that in a)
we need to take the matrix K,*instead of K, ).

Theorem 6.1. Let a real number ¢ (without loss of generality we can assume that ¢ > 0)
exist such that the ineguality

— + Re (1 + gio) W (i0) >0

(W (i0) = (eQ:*)(Q*A%Q:* — i0Ep)Qu*b)
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is fulfilled for all w > 0. Then the motion z =0 of system (6.1) is absolutely y-stable.
Proof. As in Theorem (4.1) we can show that the equations

§' = QA*QsL + Qu*bf (o), 0 =1¢eQ* L (6.2}

are a system of p-form equations /5/ for (6.1), while the function W (iw) is the frequency
characteristic of the linear part of system (6.2). According to Popov's criterion /12/ and
to the result in /5/, the motion z = (0 of system (6.1) is absolutely y—-stable. The theorem
is proved.

The author thanks V.V, Rumiantsev and the participants of the seminar directed by him for
discussions on the paper.
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